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Theory of a heat conduction calorimeter for scanning.
Part 2. Non-uniform temperature
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Abstract

The theory of the heat conduction calorimeter for scanning in the case of non-uniform
distribution of temperature in the reaction domain is presented. The surface average
temperature over the outside surface of the reaction domain provides significant informa-
tion on the thermal behavior of the reaction domain. If the surface average temperature is
recorded against time, a thermogram curve is obtained and gives a peak due to the thermal
reaction under investigation. The proportionality relationship between the time integral of
the peak and the enthalpy change of the thermal reaction is proven, and a proportionality
constant is derived.

INTRODUCTION

When the distribution of temperature and concentration of a reactant is
uniform, the thermodynamic state of the reactant under constant pressure
is determined by two variables, the temperature T and the extent of
reaction £. The energy change rate due to chemical or physical change in
the reactant can be determined by the deconvolution method developed
based on heat conduction calorimetry during quasi-isothermal operation
{11

When the distribution of temperature and concentration of a reactant is
non-uniform, the thermodynamic state of the reactant cannot be found
from a simple set of thermodynamic variables (£, T), nor is it possible to
determine the rate of energy change by the deconvolution method as
shown previously [1]. However, if the surface average temperature over the
outside surface of the reactant is defined, significant thermal information
such as the enthalpy change due to the thermal reaction of the reactant can
be obtained from measurement of the surface average temperature.
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MODEL AND BOUNDARY-INITIAL VALUE PROBLEM

The model is the same as that shown in the previcus paper (see fig. 1 in
ref. 1). It consists of three concentric domains Dy, D, and D,. Reaction
domain D, at the center is surrounded by a heat conducting domain D,,
and D, is surrounded by a thermal bath Dy, the temperature T of which
is linearly changed with time ¢. S, is the surface between Dy and D, and S,
is the surface between D, and D,. The terms n, and n, are unit vectors on
surfaces S, and S, respectively and they are directed toward the interior of
D,.

Some of the assumptions in the previous paper [1] are introduced here,
as follows.

Thermal physical properties such as heat capacity C, specific heat
capacity ¢, thermal conductivity A, thermal diffusivity x and density p of
the domains are assumed to be constant over the temperature range of
scanning and during the thermal reaction.

Heat transfer takes place by solid conduction, and other mechanism such
as convection and radiation can be neglected.

Uniformity of the temperature and concentration of the reactant is not
assumed. Uniformity of temperature gradients (97 /dn,)s and (37 /dn,)s, is
not assumed, where 3/9n; denotes differentiation in the direction of vector
n; and T=T(r, t) is the temperature at a point represented by positional
vector r at time ¢.

Boundary-initial conditions of the model are as follows. At Dy and S,,
we set

Ty =T, +at (1)
where a is the rate of scanning. At D,, we have
k V2T =03T /¢ (2)

where «; is the thermal diffusivity of D,. Hereafter, the subscripts 1 and 2
denote the quantities of D, and D,, respectively.

Application of the first law of thermodynamics to D, and S, [1] gives the
rate of enthalpy of D, as

e RIAE

where p, and p(t) are the time-independent and time-dependent parts,
respectively, of electrical or mechanical power in D,. Similarly, we have at
D,, D, and S,

d 1 2
g +dH j«[s( ) dS +py+p(t) (4)

) dS +py +p(t) 3)
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Here, H, and H, are the enthalpies of D, and D,, respectively, and are
represented by

djfl i /Dplcl-f;df 5)

dh, ¢  oh, aT)
;

dt dtfff p2h2 d'r_fff pz(ag ot T ot

=uu)+ffépff§d7 (6)

where h,=h, (¢, T) is the enthalpy of D, per unit volume and dr is the
volume element.

0= [ff g st )

is the rate of enthalpy change of D, due to chemical or physical change
and £ = ¢(r) is the extent of the reaction of D,.

When ¢ <0, we set the initial conditions as follows
T(r,t)=Tg=T,

p(t)=py=0 (8)
dH,/dt=dH,/dt=0

DIVISION OF VARIABLE T(r, t)

The following division of T(r, t) reduces the above boundary-initial
value problem to one that is simpler [1,2].
T(r,t)y=Tg+x(r)+y(r,t)+2z(r,t) (9)

The divided variables are so defined as to satisfy the conditions
x(r) satisfies

x(r)=0 reDzU§, (10)

kV2x=a reD, (11)

(C,+Cy)a A[f( ) dS+p, reD,uD, (12)
SI

and

ox
C2a=~/\]ffsz(—%)s ds +p, (13)
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y(r, t) satisfies
y(r,t)=0 reDgUSs,
kV?y=dy/ot i=1,2 reD

ay
J1f, pear=-nf E)Slds
ay ay
[ [ prerir=nf js(a—)

and

S;

t<0  y(r,t)=—x(r)
z(r, t) satisfies

z(r,t)=0 reDgUSs,
kV?z=293z/8¢ rebD,

u(t)+jjj [ PicigrdT= A j[( nl)s dS +p(r)
s+ ][] prrgtr=nf [ | o] as+pt0)

and
t<0 v(t)=p(t)=2z(r,t)=0

PROPERTIES OF x(r) AND y(r, ¢)

(14)
(15)

(16)

(17)

(18)

(19)
(20)

(21)

(22)

(23)

The following properties of x(r) and y(r, t) are derived from previous

boundary-initial conditions (10)—-(18).

Application of Green’s theorem in symmetrical form [3] to D, enclosed

by surfaces S, and S, gives

[f[ (¢V2x ~xV2) d'r—ffs +S( ¢§+x-agi) ds,

where ¢ = ¢(r) is defined as
Vip(r)=0 reD,
and

¢(r), 3¢ /3n;: uniformly equal on surfaces S, i=1,2

(24)

(25)

(26)
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From eqns. (11) and (25), the left-hand side of eqn. (24) becomes

[ff, =] s o= ][ s @)

The right-hand side of eqn. (25) becomes

[ TLH TS, o9

Considering eqns. (10), (12) and (13), we have

ox 0
[~ J1,|-om rrp) es

ox
- _d’]ffs,(ﬁ) ds
=,[(C1+ Cy)a —po] /A (29)
where ¢, is the value of ¢ on S,. Similarly, we have

ff.- //( d,aﬂg"’z)ds
=—¢2”( - ( nz)sffde (30)

where ¢, is the value of ¢ on S,. Using eqn. (13), (30) becomes

d

—d’) %, (31)
on, S,

where X, is the surface average value of x over surface S, and is defined
as follows

_ 1
= Z;ffszx(r) dS (32)
From eqns. (24), (27), (29) and (31), we have

. = {[(%H{;ﬁ d7—¢1)cl—(¢1—¢z)Cz}a

+ (¢, _d’z)po}/MAz(%) (33)

2

S,

//S = —¢,(Ca —py) /A, + A4,

where V] is the volume of D,.
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The boundary-initial conditions of y(r, t), eqns. (14)-(18), show that
y(r, t) is the transient temperature of D, + D, surrounded by a thermal
bath of zero temperature. The second law of thermodynamics thus indi-
cates that the temperature y(r, ¢) approaches zero as ¢ increases
limy(r,t)=0 (34)

{t—> oo

The surface average value of y(r, t) on S, is defined as

7o) = — f f y(r, 1) ds (35)
and the behavior of (35) is

tim 5,(t) = 0 (36)
t— o0

PROPERTIES OF z(r, ¢)

When a finite extension of a reaction takes place, and

p(t)=0

and

limz(r, t)=2z(r,o)=0 (37)

f—

we assume finite values

I(r)= [ 2(r, 1) dt (38)
0

and

AH,= [ v(r) dt (39)
0

where A H, is the enthalpy change due to a chemical or physical change in
D,. Integrating eqns. (19)-(22) with respect to ¢ from 0 to «, we get the
following J(r) boundary conditions

J(r)=0 reDyUS, (40)

kV3(r)=0 reD, (41)
0J

H,= —Alffs (En—l)s ds (42)

AH—Affs(n) (43)



S. Tanaka / Thermochim. Acta 204 (1992) 261~ 270 267

Applying Green’s theorem [3] to D, enclosed by S, and S,, we have

fjj (¢V~’~J TV3) d~r~ffs +S( ~+J—f)ds (44)

where ¢ is defined as before. From eqns. (25) and (41), the left-hand side
of eqn. (44) becomes

/], =0 (45)

The right-hand side of eqn. (44) becomes

T »

From eqns. (40) and (42), we have

[i-11- —+Jﬂ)ds=~¢1fj;l(%) a5

8y
=¢1AH§/'\1 (47)

We have also

I //( ——+Jj~)-)dS
ff ( ”2)5 (;‘1)82[] Jds (48)

n,y

Here we notice that

fffds ff[[ rt)dt]ds [[f[z(r t)dS]"t

—4,[ | = ) dS| de=A, [ Z(1) dt 49
o | 25| ae=ts 200 (@)
where we define the surface average of z over S, as

1
Z,(t) = — t)d
(0= [ zr 1) ds (50)

From eqns. (43) and (49), eqn. (48) becomes

3 o
f[s = —¢2AH§/A1+A2(—5§-) fiz(t) dt (51)

2/s,”0
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From eqns. (44)—(51), we get

(d)l '4’2)
3

Av“z(an‘)
2/s,

When 0(¢) =0 and p(¢)=p,, we set z(r,t)=f(r,t) and assume a
convergence value.

fomzz(z) dr=— AH, (52)

lim f(r, t) =f(r, »). (53)
!>
Boundary conditions of f(r, «) are derived from eqns. (19)-(22)
f(r,»)=0, reDyUS§, (54)
kV3f(r,©)=0, rebD, (55)
f (r, »)
=~ + 56
0 /\1[[5‘{ o }Slds Pe (56)
of (r, @)
0=A ds +p, 57
LT, a5 o

Applying Green’s theorem to D, enclosed by S; and S,, and considering
eqns. (54)-(57), we have

of(r, o o
=[], e g s
¢1 c ¢2 c a¢ s
-7 )f * )f +A2(anz)f2(oo) 9

where we define

_ 1
=)=/, S(r,=)ds (59)
Rearrangement of eqn. (58) gives

fa(=) _ ($1—¢2)

e Y (60)
pe [l
AA(a_)
From eqns. (52) and (60), we get
[“2:0) di = L)\, (61)
0 ¢
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INFORMATION FROM THE SURFACE AVERAGE TEMPERATURE

We define the surface average temperature 7T,(z) over the outside
surface of the reaction domain as

t)— U r,t)ds (62)
Then, we have from eqn. (9)

Ty(t) = T + 3, +7,(t) + 2,(1) (63)

The graphical behavior of Tz(t) —Tg as a function of ¢ presents a
thermogram of the reaction domain in scanning mode. T,(t) — Ty is
composed of three parts X,, y,(¢) and z,(¢). Time-independent part %, is
the baseline displacement from the zero line on a 7,(t) — T vs. ¢ curve.
Equation (33) shows that X, is linear with the rate of scanning « and the
heat capacity of the reaction domain C,. Thus, measurement of X, gives an
estimate of the heat capacity of the reaction domain. Expression (33) also
shows that the ratio of heat capacity C, and thermal conductivity A, of the
heat conducting domain can be estimated by the measurement. The term
y,(t) is the transient part which is observed at the beginning of scanning
and approaches zero with the passage of time. Term Z,(¢) is a part due to
thermal reaction. The graphical behavior of T,(t) and of T,(t)— Ty is
similar to that shown in the previous part (see figs. 2 and 3 in ref. 1). The
thermogram shows a peak when a thermal reaction takes place in the
reaction domain.

When the temperature distribution over the outside surface of the
reaction domain is uniform, Boersma showed that the peak area, time
integral of the peak, is proportional to the enthalpy change due to thermal
reaction [4]. When the temperature distribution is non-uniform, surface
average temperature (eqn. (62)) should be measured and recorded. Equa-
tions (52) and (61) show that the peak area is also proportional to the
enthalpy change due to thermal reaction. The proportionality constant is
given by eqn. (60). Thus, we can obtain the enthalpy change under
investigation from a measurement of the surface average temperature in
the case of non-uniform distribution of temperature in the reaction do-
main.

ACKNOWLEDGMENT

The author expresses his gratitude to Dr. I. Takeda of this laboratory for
his valuable comments and advice.



270 S. Tanaka / Thermochim. Acta 204 (1992) 261-270

REFERENCES

1 S. Tanaka, Thermochim. Acta, in press.

2 H.S. Carlslaw and J.C. Jaeger, Conduction of Heat in Solids, Clarendon Press, Oxford,
2nd edn., 1959, p. 29.

3 M. Schwartz, S. Green and W.A. Rutledge, Vector Analysis, Harper & Row, New York,
1964, p. 309.

4 S.L. Boersma, J. Am. Ceram. Soc., 38 (1955) 281,



